This note analyzes the equilibrium dynamics in the neoclassical growth model with habit-forming preferences and elastic labor supply. Habits enter into utility in a multiplicative way. The specification of the habit formation process comprises the particular cases of internal and external habits. Existence, uniqueness and saddle-path stability of the steady state are proved analytically.
Introduction
This note analyzes the equilibrium dynamics in the neoclassical growth model with habit formation and elastic labor supply. In our model utility is additively separable and CRRA in adjusted consumption and leisure, and habits enter utility in a multiplicative way. These are specifications commonly used in the literature. Specifically, we demonstrate analytically that the steady state is unique and (locally) saddle-path stable, so that the equilibrium is (locally) uniquely determined.
Habit-forming preferences have been widely incorporated to dynamic macroeconomic models. The reason is that they help to explain some empirical facts difficult to accommodate with standard time-separable preferences as, e.g., the equity premium puzzle (e.g., [1, 2] ), the savings-growth nexus (e.g., [3] ) or the effects of monetary policy (e.g., [4] ). In habit-formation models individual's utility depends on her current consumption and also on how it compares to a reference level of consumptionthe habits stock. The literature distinguishes between internal habits (IH), which are formed from individual's own past consumption (e.g., [2, 4] ), and external habits (EH), which are formed from average economy-wide past consumption (e.g. [1, 5] ). Hence, we consider a specification of the habit formation process which comprises the particular cases of internal and external habits.
Previous work has analyzed the equilibrium dynamics of growth models with habit formation, mainly in AKtype growth models (e.g. [6] [7] [8] [9] [10] ). However, in all these works labor supply is assumed to be inelastically provided. A notable exception is [11] , which considers a growth model with elastic labor supply. Given the complexity of the system that drives the dynamics of the economy, saddle-point stability of the steady state in this kind of models is often taken as guaranteed and sometimes supported by numerical simulations (e.g. [9,11]) 1 . The present paper demonstrates that economies, as described above, do in fact generally have saddlepoint stable steady states. Therefore, this paper is also related to previous works that study analytically the stability properties of equilibrium in growth models (e.g. [12, 13] ), or that intend to provide solid mathematical foundations to growth models with habit formation (e.g., [8, 14, 15] ).
The remaining of the paper is organized as follows. Section 2 presents the model. Section 3 analyzes the equilibrium dynamics. Section 4 concludes.
Setup of the Model
Consider an economy populated by N identical infinitely-lived representative agents that grows at the exogenous rate N N n   . The intertemporal utility derived by the agent is   is taken from [8, 14] , which show that otherwise the optimization problem might not be well-defined in a similar model with inelastic labor supply. Following [9] , the reference consumption level is formed as an exponentially declining average of past consumption according to 
Individual output, Y i , is determined by the CobbDouglas technology 1 
where K i is the individual's capital stock. The agent's budget constraint is
where  is the rate of depreciation of capital.
The Equilibrium
The agent chooses C i , L i , K i , and H i to maximize individual's intertemporal utility (1) subject to her budget constraint (5) and the constraint on the accumulation of the habits stock (3). Let J be the current value Hamiltonian of the agent's optimization problem,
The first-order conditions for an interior optimum are
plus the transversality condition
We focus on a symmetric equilibrium in all agents being identical, which, with , , , , a nd
Defining
, from (7) we get
From (6b) and (8a), we find the following expression of the work time L as a function of K, C, H (8b) and q:
Differentiating (7) with respect to time, w
From (7) and (6b), we obtain
ics of the economy is (11) The system that drives the dynam
where L is given by (9) . Equation (12d) is obta (3), using that ined from C C  . Equation (12a) is obtained by substituting for H  fro   from (6c) and   m (12d), from (11) into (10), and using (8) . Equation (12b) is the budget constraint (5). Equation (12c) 
and the steady-state value of the work time is
. Imposing , the steady state of (12) is the solu-
From (16) and (18), we obt c). Now, from (18) we get
From (19) and
, which substituted into (15) yields (13b). Substituting C and H for (13b) ing into (9) we get (13d). Substitut L for (13d) into 
with positive real parts. Using the Routh-Hurwitz theorem (e.g., [16] ), the number of stable roots is then equal to the number of variations of sign in the scheme 
where 
